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1. Introduction

AIDS - Acquired Immunity Defficiency Syndrome is the disease that
has affected the whole world in the 25 years since it was first detected. It
is caused by Human Immunodefficiency Virus (HIV). Of great concern
today is the treatment of patients infected with HIV. It currently
mobilizes many researchers, who do not spare any effort for all that can
contribute to the improvement of the health for the people living with the
disease. One of the possible way is to use the multidrug therapies. In this
case, several drugs can be considered. They are identical or different
classes (RTIs, PI, AZT, DDI, DDC, and D4T). The availability of the
strongly active antiretroviral multidrug therapies (HAART: Highly Active
Antiretroviral Therapy) in the countries with high incomes allowed
remarkable falls of the deaths related to the AIDS. But the multidrug

therapies presents certain disadvantages, in particular:
e Anti-HIV treatment does not cure an infection.
e The HIV can gradually acquire resistance to the drugs.

Several authors were interested in mathematical modelling of
therapeutic control of the HIV [2]. These controls consist of strategies
defined by the experts [1]. These strategies are more or less acceptable,
but they present unverifiable side effects. The objective of this paper is to
find adapted therapeutic controls, which minimize an objective function
to stabilize the parameters. We consider the described mathematical
model in [1], where a dynamic mathematical model justifies the
interaction of the immune system with HIV and permits drug “cocktail”
therapies. Here, an optimal control problem permits to derive optimal
structured treatment interruption (STI) to control HIV and limit drug
exposure. Taking into account nonlinearity of the differential equations,
which model the dynamics of the infection in the human organism, the
determination of solution is a problem, which can appear to be difficult.
In this work, we propose a strategy of calculation based on fuzzy logic to

determine a protocol of optimal treatment.



USING FUZZY LOGIC STRATEGY FOR SOLVING ... 207

This paper is organized as follows. Section 2 is interested in methods.
Thus, it presents the optimal control problem. Moreover, a short
description of strategy approach of fuzzy logic for solving optimal control
problems is discussed in this section. The Section 3 describes resolution
approches to solve a problem of optimal control for HIV dynamical
infection. We present the indirect approach and the approach integrating
the fuzzy logic. The numerical simulation is presented in Section 4.
Finally, we give concluding remarks in Section 5.

2. Methods

2.1. Model description

There are many mathematical models for dynamical infection of HIV
in human organism [6], [7], [10], and [11]. Simple models describe the
interaction between the immune system and the HIV [10], [11]. In this
paper, we consider a mathematical model, which describes the interaction

between the CD4™" cells, the HIV, and the immune system. Such model
has been elaborated by Perelson and Callaway [4] that considered six
compartments. To complete this model, Bonhoeffer added the
compartment permitting to describe the dynamics of the immune
response [3]. In presence of a treatment, the model of dynamical infection
1s based on the compartmental diagram presented in the Figure 1.

Figure 1. Compartmental diagram describing the dynamics of HIV

infection in vivo.
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If we note €;(t) = uy(¢) and () = us(t), the model proposed consists

of the following differential equations [2]:

L - - (- w OV,

T gy~ dyTy — (1 fun eV T,

dg;l* = (1 - w @)k Vi1 - 817 - mETY,

E (1~ fun Vi Ty - 575 - myBTS, 1 < [0,1], ®

dVy _ (1 - ug®)N0° Npd(Ty" + Ty ) - cVy

dt —(1-ut)p110° R VT — (1 - fug (t))p10° ke Vi Ty,
dV, ¥ *

Tk = up (MO Nyd(T +T3) ~ cViyy.,
EZXE-F bE(Tl *+T2) E - df(T1*+T2) E—SEE
dt (T7 +T5)+ Ky, (T7 +T5)+ Kq

The state variables are: T} (type 1 target cells, e.g., CD4" T-cells), Ty
(type 2 target cells, e.g., macrophages), V; (infectious free virus), Vi
(non-infectious free virus), and E (cytotoxic T-lymphocytes). A superscript

asterisk (*) denotes infected cells.

The natural infection rate k;(i =1, 2) may differ between two

populations, which could account for suspected differences in activation

rates between lymphocytes and macrophages. The treatment factor u;(t),

described further below, represents a reverse transcriptase inhibitor

(RTI) that blocks new infections, and is potentially more effective in
population 1(7}, 77") than in population 2 (7%, Ty ), where the efficacy
is fu; with f € [0, 1]. The uninfected populations target cells 7} and Ty
may have different source rates %; and natural death rates d;(i = 1, 2).
Free virus is produced by types of infected cells. We assume that

they produce the virus at the same rate. In this model, virus may leave
the Vi compartment due to natural death at rate ¢ or via infecting a

target cell (at rate k;T;) (i = 1, 2). The action of a protease inhibitor (PI),
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which causes infected cells to produce non-infectious virus Vp7 1is
modelled by uy. Therefore, u;, ug are the controls and represent RTI

and PI “efficacies”, respectively. Tracking non-infectious virus is
important because the clinically-measured viral load data for patients

includes total free virus (sum of infectious V; and non-infectious Vyy).

The immune effectors E (cytotoxic 7T-lymphocytes) are produced in
response to the presence of infected cells and existing immune effectors.

The cytotoxic T-lymphocytes remove infected cells from the system in the

ATy ATy
a g

equations for at rates m; and mg, respectively. Np

designates the productivity rate of virus by the infected CD4" cells and

infected macrophages cells. CD4" T-cells and the macrophages cells have

a finite life-span and die at a rate of 6 per cell. p; (respectively, pg)
characterizes the capacity of antiretroviral that prevents the

multiplication of the infected CD4% cells (respectively, infected

macrophages cells). Az is the rate of natural production for the cells that
play a crucial role in immune system. by designates the production rate
of cells, which compose the immune system. dp vrepresents the
elimination rate of cells, which constitute the immune response, 85 is
the natural death rate of the cells. K; (respectively, K ) represents the

saturation constant for the immunized birth (respectively, death).
2.2, Setting of problem
Let us consider
B o=k -diTy - (1-u )k ViT;
Fy = kg —doTy — (1 = fus (t))ko Vi Ty;
Fy = (1-w@))ViTy - 817 — mETY;
Fy = (1~ fuy(t))koVi Ty - 8T3 — moETy;

Fy = (1 - ug()NO3Npd(T) + Ty ) — ¢V
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— (1= w(O))p110° VT - (1 - fuy (£))p210° ko Vy T;
F6 = U2(t)103NT8(T1* + TQ*)— CVNI;

F7 :}\‘E+ bE(Tl +T2) E - dE(Tl +T2) E—SEE, (2)
(I +T3) + Ky (7Y +T5) + Ky

and

F(t’ X) = (Fl(t’ X)’ FZ(t1 X)? FS(t1 X)’ F4(t? X)? F5(t’ X)? FG(t1 X)’ F7(t’ X))T1

3
the state system can be written as the following compact form:
dX )
ar F(X(t), H(t)), (4)
X(0) = X,.

To determine the equilibrium state, we consider the state vector
X = (O, Ty, T, Ty, Vi, Vg, B)'
the initial state vector
Xo = (T10. To,0. Tro- T5.0- V1,0- Var,0- Bo)'
the desired equilibrium state vector
X = (T¢, Tg, TSC, Ty, VE, Vi, E°)T

and the control vector p = (uy, uy )T. Moreover, we suppose the case,

where the patient does not take any treatment. Then, it follows that

“(t) =0, Vie [07 Tinax ]

The equilibrium states are determined, if we take F(X®; 0) = 0, and we

consider that every fixed V{ corresponds to one and only one equilibrium

state. Therefore, the equilibrium state is given by the following

parameters
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M

Ao

Y =—"— Ty=——=—; (5)
dl + k1VIe d2 + szIe
e e
e k1Y Vi, Ty - koTy _vi; ©)
8+m1E 8+m2E
A
E® =~ — E ; )
bE(T]_’ +T2’ ) dE(Tl’ +T2’ )
* e x e - % e % e -3
(T + Ty )+ Ky (T7°+Ty° )+ Ky
Vir =0 8)

The numerical value is determined by using the symbolic calculation.

The implementation in MATLAB permits to obtain the results given in

the Table 1.

Table 1. The equilibrium points of the system (1), if u;(¢y) and uy(ty)

are zero
Equilibrium parameter First equilibrium point Second equilibrium point
(EQy) (EQz)
T (cells / ul) 1096 814.6232
T (cells / pl) 4.5678 0.1238
Ty (cells / pl) 0 1.4799
Ty " (cells / pl) 0 0.5213
V7§ (copies / m1) 0 1463.7949
Vi (copies / ml) 0 0
E®(cells / ul) 0.1409 0.1487
non infection already tainted
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The main idea of the problem is to permit the system to reach a
equilibrium state from its initial state. In this case, the control parameter
must stabilize the system to equilibrium point. For a patient who takes

the treatment, the controls u; and uy influence the CD4" T-cells,
macrophages and the immune response. The result of this influence is

that the CD4" T-cells, the infected CD4" T-cells, the macrophages, the
infected macrophages, the infectious free virus, the non-infectious free

virus, and the cytotoxic T-lymphocytes stabilize around their respective
equilibrium values Ty, T, Ty, Ty, Vi, VN7, and E°. We adopt a

theoretical control approach, that is, we want to find a suboptimal
treatment strategy that can lead to high immune response and
subsequent control of viral load without the need for further drug
therapy.

We formulate the problem of effective multidrug therapies as a
tracking problem. Therefore, the optimal control problem can be
formulated as follows.

Find (u7, u3) solution of

T max
(J?ilf;)J(ul’ ug) = Jo [51(T1 ~ TV + Bo(Ty — T ) + Bs(Ty — T, )?

+ By (T5 —Ty¢ ) +B5(Vy = VF ) +Be(Vivg - VEr )

4 P(E - BV + (mud + noud )|dt, ©)

subject the system (1). The parameters B¢, Ba, B3, B4, Bs, Bg, B7, N1, and

ng are the weight positive real constants.
2.3. Description of fuzzy logic strategy approach
Let us consider the following problem.
Find U, e RY, k=0, ..., N -1 that minimizes
N-1

J(Ug, ., Uy-1) = D (xh Rxy + UL QUY), (10)
70
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subject

{xk+1 = fr(xr, Up) E=0 N -1 11)

kaRn,UkGRm,
where R and @ are positive defined matrices.

The problems (10)-(11) can be solved by the dynamic programming
method. This method has a fast convergence, its convergence rate is
quadratic and the optimal solution is often represented as a state of
control feedback [?]. However, the solution is determined by this method
depends on the choice of the initial trajectory and in some cases, this
solution is not optimal. It is for this reason that, the integration of the
fuzzy logic [8] can permit to determine quickly the optimal solution. We
develop a linearization strategy of the subject system by an approach
based on the fuzzy logic. This approach had been developed by Takagi-
Sugeno [13], [14]. The model that has been introduced in 1985 by Takagi-
Sugeno permits to get some fuzzy linearization regions in the state space
[9]. While taking these fuzzy regions as basis, non linear system is
decomposed in a structure multi models, which i1s composed of several
independent linear models [5]. The linearization is made around an

operating point contained in these regions.

Let’s consider the set of operating point X;,i =1, ..., S. Different

fuzzy approximations of the nonlinear term NL(x) can be considered.

1. The approximation of order zero gives:
NL(x) ~ NLy(x) = NL(x; ). 12)

2. Using the first order of Taylor expansion series, we obtain:

T
NL(x) ~ NL,(x) = NL(x;) + (%Ijx)j (x - ;). (13)

X

To ameliorate this approximation, we introduce the factor of the
consequence for fuzzy Takagi-Sugeno system. This factor permits to
minimize the error between the non linear function and the fuzzy
approximation. If ¢ designates this factor, the approximation (13) can be

formulated as the following for me:
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NL(x) = (1 = B)NLg(x) + <NL; (x)

T
~ NL(x; )+ B(%x(x)) (x -x;), with0<B<1. (14)

If one replaces the term NL by its value approached in (11), the

linearization around x; leads to
Xkp+1 :Ai,kxk +Bi,kUk+Ci,k’i:1’---’S; k=0,..,N-1, (15)

where A;;, and B;j are square matrix, which has N x N order and
C; p matrix with N x1 order.
Therefore, the optimal control problems (10)-(11) becomes a linear

quadratic problem, which the feedback control is given by the following

expression [?], [15]:

Ui,k =—Kixk,i:1,...,S; k=0,...,N—1, (16)
where
K; =(Q+ B'E;B,)'Bl'E;A,, a7

is the feedback gain matrix, and E; discrete Riccati equation solution of

the following form:
E;-Q-A'E;A;, + ATE;B(R+ B'E;B,Y'BTE;A; = 0. (18)

It is obvious that, the linearization around every operating point gives the
system for which the equations have the form (15). Because, there are S
operating points, we have S systems which have this form. Therefore,
according to the relation (16), S controls are determined. The
defuzzyfication method [14] permits to determine only one system and

only one control Uy.

Then, this transformation gives the following equation:

Xp41 =Axk +BUk +C, k=0,...,N—1, (19)
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U, = ~Kxp, k=0, ..., N, (20)
where
S S S
D oilx;)A; D oi(x;)B; D oi(x;)Ci i
_ = _ i _ =
A= 3 , B = 3 ,C = 3 , and
D oi(x;) D oi(x;) D oi(x;)
i1 i1 i1
s
D oi(x;)K;
K=H-— 21)

S
Z“)i(xi)
i=1

and where o;(x;) designates membership degree partner to the

operating point x;.
3. Resolution Approaches

In this part, we are interested in the application of fuzzy logic
strategy and indirect approach to solve the problems (1)-(9).
3.1. Fuzzy logic strategy

Let us consider the uniform grid

Qy = {tj : JTX;aX L j=0, ., N}. 22)
If we set
Y = X - X¢, (23)

T . .. .
and h = —22%  the first order explicit Euler’s scheme on Qp permits to

N
approach the system (4) as following

L ) -
{Y,/* =Y/ + hF (Y5 ), i =1, .., 7, .

Y? =Y,

1
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where Yij denotes Y;(t;),i=1,..., 7.
Let us consider
At =ty —tp k=0, .., N-1 and Y/ = (v/, ), v, v}, v, v], Vi) .

Using the method of the rectangles, we can approach the objective
function (9) by the following form:
N-1
AT .
IV () = Z((Yf) R[v/ )+ M}’Pujjh, (25)
=0
where p; = p(¢;), R denotes a matrix, whose elements are defined by

: if 1 =1
R, = (P 1 dl=1 ..,
’ 0, elsewhere

and P the matrix, which has the following form

0
p- [”1 j
0 ng

Fuzzy logic strategy idea is based on the linearization of every nonlinear
term for the system (1). This strategy permits to obtain the Takagi-

Sugeno’s fuzzy system.
Let Y be a universe of discourse, whose linguistic variables are:
1. The CD4" T-cells (CD4NI);

2. The macrophages (CMNI);

3. The infected CD4™ T-cells (CD4I);
4. The infected macrophages (CMI);
5. The infectious virus (VRI);

6. The non-infectious virus (VRNI);

7. The immune response (CSIM).
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If we consider the study made on a certain number of patient in
Massachussets General Hospital [2], each parameter admits the limits.

Then, the variation intervals of the parameters are given in Table 2.

Applying the change of variable that is using the formula (23) and

considering the equilibrium values (EQ®5) according to the Table 1, it is

easy to determine the components of the variable Y and their variation

intervals. According to the theory of fuzzy logic, we can then consider that

the linguistic variables of the universe of discourse admit the labels

centered in values of operating points given in Table 3.

Considering operating points values, the Figures 2, 3, 4, and 5
illustrate the triangular membership functions associated to the
considered labelling. These figures also show the linguistic terms for

linguistic variables.

Table 2. Parameter and variation interval for a patient in

“Massachussets General Hospital”

Parameter Interval
T (cells / ul) [200, 1000]
Ty (cells / ul) [3, 18]

T (cells / ul) [0, 2400]
T (cells / ul) [0, 3]
V7i(copies / ml) [0, 122000]
Vi (copies / ml) [0, 8000]
E (cells / ul) [0, 1]
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Table 3. Operating point values for the linguistic variables of universe of

discourse
Linguistic variable | Operating point values
CD4NI -614.6232, —214.6226, and 185.3780
CMNI 2.8762, 10.3762, and 17.8762
CD4I -1.4799, 1198.5201, and 2398.5201
CMI -0.5213, 0.9787, and 2.4787
VRI -1463.7949, 59536.2056, and 120536.2060
VRNI 0, 4000 et 8000
CSIM —0.1487, 0.3513, and 0.8513
i
u'l (a) b)
PCD4NI D4NI PCMNI
2 NCDANI ot a NG e
¢ o,
]33 1’.!)2 31.-
f‘J]J a
_________ i i
a | i
] I
" ! l G i
| 1 o |
,2_‘ i N i mz_ _____ i (|12:
: __________ 1
; i TR S B
i i i
i i i
i i cellsiul ! cells/ul
-614.6232 -514.6220 -214.6226  106.8780 185.3780 28762 7.876210.3762  17.4212 17.8762

Figure 2. The triangular membership functions for the linguistic

variables “CD4" T-cells” (a), and “macrophages” (b).
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u (a) (b)

PCD4I GCD4l PCMI NCMI GCMI

f
1
'
I
1
1
'
1
1
L

1988 520\cells/ul A VA celis/ul
-1.4799 1198.5201 1267.5201  2398.5201 -0.5213 0.0883 0.9787 14787 24787

Figure 3. The triangular membership functions for the linguistic

variables “infected CD4" T-cells” (a), and “infected macrophages” (b).

ut @ (&

PVRI S—_— GVRI PVRNI NVRNI w, GVRNI

o,

w, ",
-
i
| i .
\ copies/ml | copies/ml
0 61000 120000122000 0 4000 7500 8000

Figure 4. The triangular membership functions for the linguistic
variables “infected virus” (a), and “non infections virus” (b).
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12 ¥
PCSIM MNCSIM GCsiIMI
(”1“ R e e R
i
| AR o R S 0! TRt A R s
W, T !
P 1 1
1 1
1 1
1 1
1 1
1 i
1 1
1 1
H i
W, oy N ]
2" H i
w,, i !
a ——m————————— — — —
i H
—OEOGE;?' cells/ul
-1.4787 0.0396 0.3513 0.8513

Figure 5. The triangular membership functions for linguistic variable

“Immune response”.

In the Figure 2, 106.8780 and — 514.6220 (resp., 17.4212 and 7.8762)

designate the entry values of linguistic variables “CD4" T-cells” (resp.,
“macrophages”) in the case of the first and advanced phase of a patient
having the HIV infection. PCD4NI, NCD4NI, and GCD4NI (resp.,
PCMNI, NCMNI, and GCMNI) represent the linguistic terms of “CD4" T-
cells” (resp., “macrophages”). The below index p and a represent,
respectively, the first phase and advanced phase. In the Figure 3,
1267.5201 and 1998.520 (resp., 0.0883 and 1.4787) designate the entry
values of linguistic variables “infected CD4" T-cells” (resp., “infected
macrophages”M) in the case of the first and advanced phase of a patient
having the HIV infection. PCD4I, NCD4I, and GCD4I (resp., PCMI,
NCMI, and GCMI) represent the linguistic terms of “infected CD4* T-
cells” (resp., “infected macrophages”). The below index p and a represent,
respectively, the first phase and advanced phase. In the Figure 4,
70386.20600 and 118536.2060 (resp., 4990.9 and 7500) designate the
entry values of linguistic variables “infected virus” (resp., “non infections

virus” ) in the case of the first and advanced phase of a patient having the
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HIV infection. PVRI, NVRI, and GVRI (resp., PVRNI, NVRNI, and
GVRNI) represent the linguistic terms of “infected virus” (resp., “non
infections virus”). The below index p and a represent, respectively, the
first phase and advanced phase. In the Figure 5, 0.0396 and -0.0687
designates, respectively, entry value of linguistic variable “the immune
response” in the case of the first and advanced phase of a patient having
the HIV infection. PCSIM, NCSIM, and GCSIM represent the linguistic
terms of “the immune response”. The below index p and a represent,

respectively, the first phase and advanced phase.
Let us set k = 1, 2, 3 operating point number and V; = (D;, G;, K,
T .
M;, N;, Sj, Z;)" , where D;, Gj, Kj, Mj, N;, S;, and Z; designate,
respectively, the operating point for linguistic variables CD4NI, CMNI,

CD4I, CMI, VRI, VRNI, and CSIM. Taylor approximation of order zero
for the first equation of system (24) gives:

Y = Y7+ W[FL (Y p() + Fag (Vi )] i =1, ..., 7,

where Fj, islinear term of F' and Fyy,, its nonlinear term in the system
(24).

Therefore, optimal control problem (9) with subject the system (1) can

be formulated as follows. Find p* = (ug, ..., ujy_1) solution of
N-1
man(u ~ Z(( ) ( )+ Ty Pu])h (26)
j=0
subject to
Y/ = ALY 4+ B+ Cp k=1, 2,8, @7)

where Ay, is a 7 X 7 matrix, whose non zero elements are
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ALY — 1 hdy - AV ALY — iy T
AB?) — 1 hdy — WV Eky; A®D) — _hk, TS
ABYD — pyer; ABS) 1 - 5h - mhE®;
ABD) = T ABT = _pmy T
A2 _ pyep,; AGY — 18— myhES;
AR~ kTS AGD — _hmyTy;
AGY = _p10%p 8 VE; AB2) = _p10%p,koVE;
AP = p0®Nps; APY - modNys;

ABD) 1 ch - m03 (py Iy T +pokeTs);  AGY —1_cn;

AT — 1 - hsy

B; 1s a 7 X 2 matrix, which non zero elements are:
BYY = hky (DyN, + DVE + TEN, + VETE);
B®Y = hof(GyN, + GVE + TSN, + VETS );
BB = _hky (DN, + VED, + TEN, + VETE );
BAY = _hkyf(GyN, + VEG, + TSN, + VETS );
BB = 1n10%[p kg (DN, + VED, + TEN, + VETY)

+ fpoko(GoNg + ViGy + Ts Ny + ViTy )];

B®2) = _m0PNps(K, + My + T, + Ty®);
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B2 — m0° Nps(K, + My + ¢ + Ty,

and
- hlest + h()\‘l - le]_e - klvleTle)
- thGSNS + h(?\.Q - dsze - kQVIeTQe)
hkyDyNg — hmi K Zg + h(kiVFTS - 8T,°° — myE°T}"°)
hkyGyNg — hmoM Z + M(koVETs — 8Ty ¢ — moE®Ty )
— h10%p ki DN, — h103poke D N, — heV§
¢ -|" h10° Npd(Ty¢ + Ty ® ) — h10°VE (p By TY + pokoTs )

— heVir

hbg(Ks + Mg + T + Ty ®)

(Kg+ My +T°° + Ty ¢ ) + Ky
hdg(Ks + Mg + T°¢ + Ty ¢)

(K, + M, + T+ T0¢) + Ky

(Zs + Ee)+ h()\,E —SEEe)

(Zs + E°)

For application, let us consider the parameters given in Table 4 [2].

Let us take N =100 and 7}, = 10, after calculation, we obtain the

following results:
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Table 4. The values of the parameters in the HIV model
Parameter Value Unit Parameter Value Unit
A 1.096 Lﬂs A 0.10099 cells
! ' mm?.day 2 ’ mm?.day
d -3 1 d 0.022109 L
1 10 day 2 : day
3 -4 3
5.5290 x 10
ky 2.407x1077 —— ky * —om
virions.day virions.day
mm?® mm?
m 0.024385 _ mo 0.013099 _
cells.day cells.day
virions virions
P1 E cells P2 1 cells
1 1
3 0.18651 ey c 4.784 -
day day
_ N virions
f 0.53915 T 19.41 olls
-3 11s
9.9085 x 10 _cels 1
A 1) 0.070299 e
E mmS.day E day
b 2 L d 0.010213 e
E 1.299 x 10 day B : day
cells cells
Ky 0.39087 3 Ky 0.83790 — 3
mm mm
0.9599 0 0 0 —-0.196 x 10_6 0 0
0 0.9169 0 0 ~0.685x1077 0 0
0.352x107° 0 0.9810 0 0.196x107° 0 0
Ay = 0 0.0809 0 0.9812 0.685x10~7 0 0
—0.0352 —80.9332 362.0159 362.0159 0.4951 0 0
0 0 0 0 0 0.5216 0
0 0 0 0 0 0 0.9930
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0
0
0
0
~40.1918 x 10711

40.1918 x 10~ 11
0

oy
~
I
o oo oo oo

0
0

-0.0211
0.2330
0.0217
0.0001

-51228.5573
0
—-0.0001

2.9365
121.4168
- 2.9365
—65.4619 0

68398.4333

705329.4993

0.8810
35.4132
- 0.8810
-19.0931
19974.0141
0
0

o O O

0

0.3081
- 34.1557
-1.3337
0.0146 |, and Cy5 =

0
0.0001

- 869924.2317
869924.2317
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o O O

0
—434962.1159
434962.1159

0

-0.56373

-119.1348

—4.4407

0.0493 |.

-1237443.1301
0

0.0002

It is obvious that the three state systems (27) permit to obtain three

feedback controls, which have the following form:

p,j = —LkY',

k=123

j=1 .., N-1,

(28)

where L, is a gain feedback matrix. L, must be determined according to

the relation (17). We suppose that R and P are, respectively, 7 X 7 and

2 X 2 identity matrices. After calculations, we obtain the following

matrices:

0 0
Lo = [0.0007 ~0.0019

—-0.0020

0 0 0 0
-0.0001 0 0.0012)

—-0.0021
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(11142 0.0002
2 710.0467 -0.0007
(0.3341  0.0001
3710.0242  -0.0003

-0.0109
-0.0019

-0.0033
—-0.0010

0.0001
—-0.0015

0.0001
—-0.0007

—-0.0001 0.0001
-0.0001 0.0001
—-0.0001 0.0001
-0.0001 0.0001

-0.0015
0.0001)’

—-0.0005
0.0001 )

To transform three systems (27) in only one system, it is necessary to

apply defuzzyfication technique [13] on matrices By, By, Bs, C;, Cy, and

C5. This transformation depends on the degrees of membership given in

Table 5.

Hence, the technique of defuzzyfication gives the following results:

First infection phase

1.8585
99.5374
—-1.8585

- 53.6656
60031.3078
0
0

—794768.2941
459972.4376

oS O O

0

0

—-0.0939

- 97.5161
—-5.4161
0.0172|.
—218539.1208

0

0.0001

Table 5. Values of the membership degrees of linguistic variables CD4NI,
CMNI, CD4I, CMI, VRI, VRNI, and CSIM according to data of the study
made in “Massachussets General Hospital” on the alive patients with HIV

o1, w2, w3, o1, 09, 03,
HUCD4NI 0 0.1962 0.8038 0.75 0.25 0
UCMNI 0 0.0607 0.9393 0.6667 0.3333 0
HeD4ar 0 0.9425 0.0575 0 0.3333 0.6667
nemr 0.5936 0.4064 0 0 0.6611 0.3389
HVRI 0 0.8221 0.1779 0 0.0328 0.9672
UWVRNI 0 0.7523 0.2477 0 0.1250 0.8750
Hwesiv 0.6234 0.3766 0 0.84 0.16 0
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_(0.7432 0.0001  -0.0073 0.0001  -0.0001 0.0001 -0.0001
- 10.0860 -0.0004 -0.0015 -0.0009 -0.0001 0.0001 0.0005 )’

Advanced stage of infection

0.8810 0 0.3081
35.4132 0 — 34.1557
- 0.8810 0 -1.3337
B =| -19.0931 0 , C= 0.0146 |,
19974.0141 -434962.1159 705329.4993
0 653360.4007 0
0 0 0.0001

1.1142 0.0002 -0.0109 0.0001  -0.0001 0.0001 -0.0001
0.0467 -0.0007 -0.0019 -0.0015 -0.0001 0.0001 0.0005 )’

3.2. Indirect approach

In this part, the objective is to solve the optimal control problem (9)
subject to the constraints (1) by an indirect approach. Let us note that
this approach requires the necessary optimality conditions. We use the
Pontryagin maximum principle [12], which relates the optimality of the
control to minimize or maximize the Hamiltonian function.

Let us take F = (F,, Fy, Fs3, Fy, F5, Fg, F; )T, the vector whose

components are given by (2). The Hamiltonian function associated with
the objective function for the optimal control problem (9), and to the state
system (1) can be written as follows

7 2
H(t, X, p,p) = Z(Bi(Xi - X/ )+ piFy)+ an?, (29)
i1 =1

where p; is the component of adjoint vector.
Let us consider
Gy = -2B1(X7 - X7) + pi(dy + (1~ )1 X5)

— p3(1 - u ey X5 + ps(1 - uy )p110° & X5, (30)
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Gy = —2B3(Xg - X3) + pa(dy + (1 - w1 f )k X5)

— pa(1 = wf)ke X5 + ps(1 - 11 f)p210° ko X5, (31)
Gy = —2B3(X5 - X5) + p3(8 + m X7 ) - ps(1 — ug 10> Npd

dgKq B bp Ky
(Xs+ X4+ Kqf  (Xg+X4+Kp)?

~ peuzl0° Npd + prXo(

(32)
Gy = —2B4(Xy - X§)+ py(8+ mgXy) — ps(1 - ug NOP Ny
drp K brp K,
— Pgta10° Npd + pr Xz ( Eoe E=b ),
(X3 + X, +Ky) (Xg + X4 +Kp)
(33)

Gs = —2B5(X5 — X5) + p1(1 —uy )y Xy + po(1 - waf) ko Xg — p3(1 -y )y X3

~ps(L-wif) kg Xo + ps(c+(1—1p )p110°ky Xy + (11 f)p210° ko X5 ),

(34)
Gs = ~2B6(X¢ — X6) + cps, (35)
G7 = -2B7(X3 - X35) + pgm X3 + pyma X,y
bg dg
Therefore, the system of adjoint state is
dp; .
dtl =G;, i=1,..,1. (37)

Finally, the optimal control is determined thanks to the resolution of the

optimization problem, which we can formulate as follows.
Find p* solution of

min H(t, X, p, p). (38)
n
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The determination of the solution for such problem can be made in
several computer platforms. We consider the implementation by using
MATLAB thanks to the function f solve.

4. Numerical Simulation

4.1. Results

Our objective is to stabilize the CD4" T-cells, macrophage cells, the

infected CD4" T-cells, the infected macrophages, the infectious virus, the
non-infectious virus, and immune system cells around their equilibrium

values. This mechanism is possible thanks to the controls therapeutic u,;
and ug, which can take the values at every moment in the interval [0, 1]

[6], [10]. We consider that the patient takes antiretroviral drugs during
six months (7.« = 180days). The solutions of the optimal control

problem (9) subject to the system (1), (26)-(27), and (38) can be
determined in several computer platforms. The implementation of these
solutions is made in MATLAB. If we consider that AHLF and AINDIR,
which refer to the approach integrates the fuzzy logic strategy and the
indirect approach, we obtain the Table 6.

Table 6. The minimal values of the objective function (JJ,,,) and the

opt
time of execution (7) of the main program (subroutine of MATLAB) for
the resolution of the optimal control problem (9) subject to the system (1)
by AHLF and AINDIR

First phase Advanced phase

Jopt 124.5457 281.2508
AHLF
T (second) 11.5218 12.5341
Jopt 0.3590 1.9600
AINDIR
T (second) 226.7570 221.4290
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The Table 6 shows that, for two infection phases, the execution time
of the program, which solve the problem of optimal control by AHLF is
less than the one of main program providing a solution to the problem by
AINDIR. This table also shows that, the value of the objective function
obtained using AINDIR is less than the one given by the use of AHLF.
This result is due to the fact that, the indirect approach is accurate
compared to the approach integrating fuzzy logic that needs a method of
discretization (finite difference explicit Euler first order). For the
variation of the parameters, we are interested in the simulation results of
the advanced phase. The numerical simulation of therapeutic control
problem for a patient of HIV infection in the advanced phase gives the

appearance of curves represented in the Figures 6, 7, and 8.

(a)

The control u A

L 1 1 i - T — T .
0 20 40 60 80 100 120 140 160 180
Time (Days)

(b)

2

e
o

e
s
T ——p—————

The control u,,

e
)

e ————

L=}
[=F

L L —r— - :
20 40 60 80 100 120 140 160 180
Time (Days)

Figure 6. The optimal therapeutic control variation in the advanced
phase case. The dashed line (respectively, the dashed-dot line) designates
the optimal curve for the hybrid approach integrating the fuzzy logic
strategy (respectively, the indirect approach).
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Figure 7. Variation of the CD4" cells non tainted (a), of the infected
CD4*% cells (b), of the macrophages cells (c), and of the infected

macrophages cells (d) in relation to their equilibrium values of balance
(solid line) in the advanced phase case. The dashed line (respectively, the
dashed-dot line) designates the optimal curve for the hybrid approach
integrating the fuzzy logic strategy (respectively, the indirect approach).
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Figure 8. Variation of infectious virus (a), of the non infectious viruses
(b), and of cells constituting the immune system (c) in relation to their
equilibrium values (solid line) in the advanced phase case. The dashed
line (respectively, the dashed-dot line) designates the optimal curve for
the hybrid approach integrating the fuzzy logic strategy (respectively, the
indirect approach).
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4.2. Discussion

Figure 6 shows the comparison of therapeutic optimal control curves

u; and uy by using fuzzy logic strategy and indirect approach. Using the

indirect approach to solve the problem of optimal control (9) subject to the

system (1), we get controls u; and ug, which decrease gradually from the

first day of the advanced phase to achieve their minimum value (zero),

where they are stabilized. The u; stabilizes at 70th day of the early phase
whereas uy becomes stable in 65th day. The Figure 7(a) (respectively
7(c)) shows that by using the approach integrating the fuzzy logic
strategy approach, the CD4" cells (respectively, macrophages cells)

increase (respectively, decrease) to reach their equilibrium values. The
hybrid approach integrating fuzzy logic permits the stabilization to the

equilibrium value of CD4% cells, and macrophages cells at 120th day

after the onset of the advanced phase. These figures show that using the

indirect approach, the plateaus of stabilization for the CD4% cells
(respectively, macrophages cells) is reached after 20th (respectively, 70th)
day after the onset of the advanced phase of infection. In the advanced
phase, the variation of infected macrophages cells obtained by using the
hybrid approach integrating fuzzy logic is illustrated by Figure 7(d). The
first day of this phase, they increase to reach their maximal value at 30th
day. Using the indirect approach, this figure shows that infected
macrophages cells decrease from the first day of the advanced phase to
stabilize at 50th day of the beginning of advanced phase. The allure of
curves for non-infectious viruses represented in the Figure 8(b) show that
by using two approaches, these viruses decreased at the beginning of the
advanced phase of infection before to stabilize themselves. With the
indirect approach, these viruses decreased to the equilibrium value and
stabilized themselves after 65th day. At the 10th day after the onset of
advanced phase is the day, when non-infectious virus stabilize to their
equilibrium value by the strategy integrating fuzzy logic approach. Figure
8(c) shows that, the use of the indirect approach and the strategy
integrating fuzzy logic approach to resolve the problem (9) subject to the
system (1) permits the increase of cells that constitute the immune
system to stabilize to their desired value. Using the indirect approach,
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these cells stabilize to their equilibrium value at 50th day of the
beginning of the advanced phase of infection. The cells that constitute the
immune system increase to approach their equilibrium value, if we use

the strategy integrating fuzzy logic approach.
5. Concluding Remarks

In this work, we have compared two approaches for solving the
problem of therapeutic control of HIV infection. The resolution technique
used provides interesting answers to the question, which consists of
determinition of the best treatment by the presence of two controls that
represent antiretroviral drug to the infection. Numerical simulations give
rise to interesting conclusions. Considering these results, we note that the
characteristics of hybrid approach integrating the fuzzy logic strategy are
the benefits on the indirect approach. Therefore, it can be used to solve

optimal control problems in the areas of relatively high dimension.

References

[1] B. M. Adams, H. T. Banks, Hee-Dae Kwon and H. T. Tran, For HIV: Optimal and
STI control approaches, Mathematical Biosciences and Engineering (MBE) 1(2)
(2004), 223-241.

[2] B. M. Adams et al., HIV dynamics: Modelling, data analysis, and optimal treatment
protocols, J. Comput. Appl. Math. 184 (2005), 10-49.

[8] S. Bonhoeffer, M. Rembiszewski, G. M. Ortiz and D. F. Nixon, Risks and benefits of
structured antiretroviral drug therapy interruptions in HIV-1 infections, AIDS 14
(2000), 2313-2322.

[4] D. S. Callaway and A. S. Perelson, HIV-1 infection and low steady state viral loads,
Bull. Math. Biol. 64(1) (2002), 29-64.

[6] D. Jacobson, D. Lele and J. L. Speyer, New necessary conditions of optimality for
control problems with state-variable inequality constraints, J. Math. Anal. Appl.
35 (1971), 255-284.

[6] D. Kirschner and G. F. Webb, A model for treatment strategy in the chemotherapy of
AIDS, Bull. Math. Biol. 58(2) (1996), 367-390.

[71 D. Kirschner and G. F. Webb, Immunotherapy of HIV-1 infection, Journal of
Biological Systems 6(1) (1998), 71-83.

[8] N. Krichen Masmoudi and N. Derbel, Optimal Control of Nonlinear Systems by
Fuzzy Logic, ISCIII, Nabeul, Tunisia, 2003.



234

(9]

(10]

(11]

(12]

(13]

[14]

(15]

JEAN MARIE NTAGANDA et al.

M. I. Park, E. Kim, S. Ji and M. Park, A new approach to fuzzy modelling, IEEE
Trans. Fuzzy Syst. 5(3) (1987), 328-337.

A. S. Perelson, Modelling the interaction of the immune system with HIV, In C.
Castillo-Chavez; Mathematical and Statistical Approaches to AIDS Epidemiology,
(Lect. Notes in Biomath., vol. 83, pp. 350-370) Springer-Verlag, New York, (1989).

A. S. Perelson, D. Kirschner and R. DeBoer, The dynamics of HIV infection of
CD4% T-cells, Math. Biosciences 114 (1993), 81-125.

L. S. Pontryagin, R. V. Boltyanskii, R. V. Gamkrelidze and E. F. Mischenko, The
Mathematical Theory of Optimal Processes, Wiley-Interscience, New York, 1962.

M. Sugeno and G. T. Kang, Structure identification of fuzzy model, Fuzzy Sets and
Systems 28 (1988), 15-33.

T. Takagi and M. Sugeno, Fuzzy identification of systems and its applications to
modelling and control, IEEE Trans. Systems Man and Cybernetics 15 (1985),
116-132.

E. Trélat, Controle optimal: Théeorie et applications, Vuibert, Collection
Mathématiques Concrétes Yakowitz, The Stagewise Kuhn-Tucker Condition and
Differential Dynamic Programming, IEEE Trans. 31(1) (1986), 25-30.



